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Abstract. 

In this paper we consider the Navier-Stokes Equations in R 3 in the vorticity 
formulation in the absence of the external forces. We first derive the upper 
bounds on \u>\ 6.02 (t) fort E [^1,^2] in terms o/max 4g ^ 1)t2 ]|u;|2(t), then derive 
the upper bounds on |Vu>| 2 (i) for t £ [ii,^] in terms of max te u l t2 ]\uj\2(t) 
and \u\ 6.02 (U); then derive the upper bound on |Vu)|3.oi(i) fort 6 [£1,^2] in 
terms of m.ax te u ltt2 Au\2(t), \u\ e.02 (U ) and |Va)|2(ti); then we derive the up- 
per bound on \u}\oo(t) fort G ^1,^2] in terms o/max te [ tl> i 2 ]|u;|2(i), \uj\ 6.02 (U ), 
I Va) 1 2(^1) and Vw|3.oi(ii). These estimates are used to improve the estimate 
on |w|oo(^) and to show that \u)\ 00 (t) ^ m&xdcjloo (t\),e e ), provided that cer- 
tain assumptions hold. Repeated use of Local Existence and Uniqueness 
results together with the upper bounds on \u\oo(t) gives the existence and 
uniqueness of the solution if |w|oo(0) < 00 or if |w|4(0) < 00. 

Introduction and statement of results. 

The Navier-Stokes Equations for velocity can be written as 

d t u(x, t) - uAu(x, t) + (u(x, t) ■ V)u(x, t) + Vp(x, t) = f(x, t), (1) 
V • u(x,t) = 0, x G R 3 , te [0,oo). 

We assume that f(x,t) = and that ]im.| J |_ >00 |it(a;, t)\ = 0. 

Introducing vorticity Q(x,t) = V x u(x, t) allows us to obtain the Navier- 
Stokes Equations without the pressure term. 

The Navier-Stokes Equations for vorticity can be written as 

d t Co(x,t) - uAu(x,t) = -(u(x,t) ■ V)u>(x,t) + (u>(x,t) ■ V)u(x,t). (2) 
V • u>(x, t) = 0, x G R 3 , t G [0, 00). 

We assume that lim| a .|_ >00 |u;(3;, t)\ = 0. 

The question of existence and uniqueness of a strong solution of these 
equations in 3 dimensions is a longstanding problem. The solution of this 
problem is described in this paper. 
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The main result of the paper are the following Theorems: 
Theorem 1: Suppose that \u\2(t) < oo for t £ [iijfe] an d also that 
Moo(ii) < 00 and |Vu)|3.oi(ii) < 00. Then \u>\oo(t) < 00 fort £ [ii,^] and 
an upper bound (equation fcpty) on \uj\ooif) can be given as a function oft, 
m aXi e [i l5 i 2 ]M2(t), |w|oo(*i) and |Vu)| 3 .oi(*i)- 

Theorem 2: Suppose that 2 (*) < 00 fort £ [tijtz] and that |u;|oo(ti) < 
00 and |Va)|3.oi(ti) < 00. Suppose also that there exists uq such that for 
all n > uq, either \u)\ n {t) > e e for all t £ [^1,^2] or \uj\ n {t) is a con- 
tinuous function of t for all t G [ti , ^2] • Then for all sufficiently large n, 



Mn(A) < max(e> 



\u\ n (ti),e e ) and \uj\oo(t) < max^l^i), e e ) for 



t £ [h,t 2 ]. 

Theorem 3: Suppose that \u>\oo(0) < 00. Then for any T > 0, there 
exists a unique solution of the 3D Navier Stokes Equations ui{x, t) for x £ R 3 
and t £ [0, T], such that |a>|oo(i) < 00 fort £ [0, T}. 

Theorem 4: Suppose that |u;|4(0) < 00. Then for any T > 0, there 
exists a unique solution of the 3D Navier Stokes Equations Cu(x, t) for x £ R 3 
and t £ [0,T], such that |a;|oo(t) < 00 fort £ (0, T]. 

Proof of Theorem 1. 



Part 1: Take Navier Stokes equation for uj and take the inner product 
with Q(x) integrate over space and by parts on the viscosity term to obtain 
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^dt I \Cu(x)\ 2 d 3 x + v I \Vu)(x)\*d 6 x = / d A x I d A y{uj{x) ■ y){u){x) x u)(x + y) ■ y)^. (3) 



|2 j3„ 



1 



47T 



The absolute value of the integral on the right hand side of (J3J) can be 
estimated as 



1 



d x I d y(uj(x) ■ y)(uj(x) x uj(x + y) ■ 2/)y3 



< 



< 



d 3 x / • y){uj{x) x (uj(x + y) — oj{x)) ■ y) 

•%|<i 



d 3 y 
\y\ 3 



+ 



d 3 y 

d 6 x I (u(x) -y){Q{x) X ui(x + y) -tfiy-rz 
\y\>l \yr 

d 3 y 



<3V6 I ds I d 3 x f |w(x)| 2 |Vcu(x + sy)|f4 
Jo J J\y\<i \y\ 



\y\ 

+3V2 I d 3 x\uo{x)\ 2 



\y\>l W 



^±yA d s y 



\y\ 



(4) 



2 



i i — ( ~ ' — , \ 1 2 

< 3^6 / ds [ d 3 x'\Vtd(x')\ [ d 3 y lUj[X ~ Sy)l + 

Jo J J\y\<i \y\ 2 

+3V2 I d 3 x\^)? f d^^fi^ 
J J\y\>i |y| 3 

< 3V6 jf 1 ds^j J d 3 x'\V6j(x')\ 2 x 



+V / 247T 1 -- 12 



W| 2 |W|2 



/| W |<i |y| 3 e V| 2 |<i 

+v / 247r|w| 2 |u;|2 



+\/2Ait\uj\1\u}\2 



< 3^6 f 1 I d 3 x\Vtd(x)\ 



o a 1 "^ 



, (i 3 y /" 2(3-3e) 2-3e /" d 3 z' 1 

'\y\<i \y\ J J\z'\<i Iz'l 31 - 1 e > 



+ \/247r|w|a|u; 



2l w l2 



/- 47T 1 47T 1 f 1 dS f f f 2(3-3e) 2-3e 

< 3^6(— )2(— )6(T^) / JfL-J / d 3 x|Vu;(x)| 2 l/ / d 3 x|w(x)| 2 ( / d 3 z|cD(z)|^^) — 



e 3e 2 7o s 1 ^ 

+ \/ 247T I (1^ 1 1 1 1 2 

6^6 Att.iAtt. i 



47T 1 4"7T 1 /" - „ „ 3-2e r 3-4e . „ 

Zl)2(^)W^)( \Vuo{x)\ 2 d?x)^){ \cj(x)\ 2 d 3 x)— + V2^\cj\1\lu\ 2 

^ 1 - 26.6^6,4^ 4^.2^, 47T,^_^,2°- 33 . 3^ /" ^ l 2^^1 

^33 y d 3 x|VLj(x)| 2 + \/24vr|u;|i|w|2. 



+ 20 

Notice that in the above estimate e is arbitrarily small. Using this estimate 
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and introducing e such that 

2e 



l-2e 

we obtain the following inequality from ([3]) 

\d t J \u(x)\Wx + v(l-^) J \Vu(x)\ 2 d 3 x< 

3 / 0.331 • 6 6 • (4vr)l , /" , . - , Uf r — , .„\ 

47T y £ — + — £ iy 3+2e J y 

Note that e can be chosen arbitrarily small. Below we assume that e = j^q. 

Since / \cu(x)\ 2 d 3 x < oo for i G [ti, ^2], there exists N > such that 
J |d>(x)| 2 (f 3 x(t) < N for i G [*i,i 2 ]- Denote 

C(t h t 2 )= dt f \u(x)\ 2 d 3 x,C(t) = f ds f \0(x)\ 2 d 3 x(s). 



Then we obtain 



\ J \0(x)\ 2 d 3 x(t 2 ) -\J \Q(x)\*d*x(t x ) + u(l - -L) ^ dt I \VO(x)\ 2 d 3 x 
2.74 -10 6 _o,^„ / s „.„i„, , 2.35 -10 21 
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< 22'! i 3 ~ - iV 2+£ C(ti,t 2 ) + 2.17V2C(ti,t 2 ) < • 3 iV 2+£ C(t 1 ,t 2 ) + 2.1iVtC(t 1 ,t 2 ). 
Therefore 

* 2 / d 3 x\Vu,(x)\ 2 < im ]:™ 22 N 2 ^C{ tl M) + —mC{t u t 2 ) + —iV. (6) 
Part 2: Take the inner product of the Navier-Stokes equation for u(x) 

2 

with \u)(x)\3 £ lv(x), integrate over space and integrate the viscosity term by 
parts to obtain 



2 + ie 



d t / \uj\ I+ 3 £ {x)d 3 x + v / V{\Lo\z £ {x)u}{x)){Vu){x))d 6 x (7) 



^ 3 e (x)a;(x) • y)(u>(x) x u(x + y) ■ y)^ ' J 



4ttJ J \y\ 3 

The absolute value of the integral on the right hand side of ([7j) can be 
estimated from above as 



d 3 xd 3 y 

(|u|i £ (x)u)(x) • y){u){x) x Q(x + y) ■ y) , 3 



< (8) 



4 



< 



+ 



/ / (\uj\3 £ (x)uj(x) -y){u{x) x (u(x + y) -w(x)) -y) 

J J\v\<l 



d 3 xd 3 y 



>\y\<i 

/ / (\w\* e (x)Q(x) -y)(Q(x) x u>(x + y) ■ y) 
J J\ y \>\ \yr 

< j\s J d 3 x\oo\ 2+ i £ {x) 



+ 



d 3 xd 3 y 



< 



+3^2 / / \ui\ 2+ l £ {x)\uj\{x + y) 

J J\y\>l 



d 3 xd 3 y 



< 



< 



?>VQ j\s J d 3 x'\Vu(x' 



\u\ 2+ i £ {x' - sy) ., 



\y\<i \y\ 2 
+3\/2 / \uj\ 2+ l £ {x)d 3 x 



d*y + 
\d)(x + ; 



>i 



l -d 3 y < 



< 



ds J J d 3 x' 



uj\ + 3 £ (x' — sy) 

w 



d 3 y I 

J\x 



u\ 2+ 3 £ {x' — sz) 



\z\<l 



d 3 z\VCo\ 2 



+VMtt\lo\ 2 |W|2 

Z+ 3 £ 



< 3^6 / ds 



d 3 x' 



u\ 2+, i £ {x' — sy) 



li/l<i 



|y| 



3-e 



d 3 y / 



+ \/247r|w|^ + | £ |a; 



2+| £ 



2 J^|2 



< 3^6 



2+ - £ (x")d 3 -" 



.X" 



d 3 y 

\y\<l \y\ 3 - £ J\z\<l 



oj\ z+ z £ {x" - s{z-y)) 



<i 3 z |Vu>| 2 



+\/24vr|w|^| e |Lj|2 < 



< 3^6 ^dsA / dV'U 2+ ^Oc") / / 

J0 \J J\y\<l \y\ 3 ~ £ J\z'\<s 



uj\ 2+ 3 e (x" + sy - z') d 3 z' 



y l\l+e 



a 2-e 



|Va>| s 



+^24 



2+-s, 

ir\u\ A \lo\ 2 < 



< 3V6 



1 



S 2 



d 3 z|u;| 2+ 3 e (x) 



iwi<i |y| 3_£ Vi<i 



|aj| 2 +3 e (a; + sy — z') 



d 3 z'\Vtu\ 2 + 



+\/247r|w|^l £ |u;|2 < 



2 +3 e ' 
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ds 

1— £ 
S 2 



d 3 x\io\ 2+ 3 £ (x) 



d?y 



+v / 24 



y\<i \y\ 

|2+|e, 



3-e 



(/ |w 



( 2 +3 £ )§=i ( x + sy _ z ')d 3 z') a=i I Vw| 2 



7T|o;| g |CJ| 2 
^-|- 3 e 



< 3\/6(— )2(— )W=^\Vu>\ 2 



ds 



o s 



( / \uj{x)\ 2+ s £ d 3 x) ( / IVwCx)! 2 ^)^ 1 -*- 1 -^^ 1 -^ + 



1+ 



(1 _7 e+ ^ )(1 _3 e) 



(l +f)(l-§e ) 



+v / 24 



|2+4e, 



< 



< 



6\/6 ,47T . 1 . 47T , 1 



e e 3e 2 ' 



(H)f (^-)6(T^T( / |u;| 2 + a^cftc)' «(i-S«+¥)d-«) ( / |Vw(x)| 2 (i 3 x)^ *(i-§«+^)(i-«) 



1 , Cl+§)(l-§e) 

T— 



Z+ 3 £ 



^l 2+ |>| 2 , 



3.0618 • 10 5 ^ |Vcj(x)| 2 d 3 x + lj Q \0(x)\ 2+ -3 e d 3 x^ + ^24 

0.747. Putting the estimates together we 



wherea = i + i^±^M 

2 4 (i-| e +4)(i- E ) 
obtain 



2 + #e 



ft / |w(x)| 2+ 3 e d 3 x + z; / V(|a}(x)|f £ w(x))(Vu)(x))d^ < 



(9) 



< —3.0618 • 10 D 

47T 



< 0.7305 • 10° 



u(x)\ 2+ 3 £ d 3 x ) I / \VCa{x)\ 2 d 3 x + 1 ) + 



3^/24 



U 2+ z £ d 3 x 



4tt 
|2+|e AT i 



'2+f £ 



\Vu{x)\ z d 3 x + 1 + 2.1|w|_T| AT2. 

2+ 3 £ 



Since we can rewrite the viscosity term as shown in the (|10p we obtain that 
the viscosity term is positive definite 



X7(\Lu\% £ (x)Lu(x))(X7Cu)d 3 x 

From we obtain 

/ \Cj{x)\ 2+ l £ d 3 x{t 2 ) < 



(1 + |) 2 



(V|w| 1+ f {x)) 2 d 3 x + I \uj\^ £ (x)(Vu>(x)) 2 d 3 x (10) 



(11) 



6 



< g 4.22 7V2 



l 



^ (t2 -* l) ^0.371 -10 5 ^ 2 dt Q |Vw| 2 (x)d 3 x + l^ + Q \uj{x)\ 2+ l £ d 3 x{t 

< g 4. 22^2(42-^) 

f 3 "" 4+ L Q26 iv2+£g (^^2) + 3 ' 562 ; — mC( tl ,t 2 ) + 1.7 • 10 5 - + 0.371 • 10 5 (t 2 - h) + 



v v 



(l-a)(2+| £ ) 
+ l + M 2+ | e (tl 



l 

1-a 



Therefore we obtain that 

rt 2 



i/ 2 dt J V(\LD(x)\i £ 0{x))(VLd(x))d 3 x < (12) 
< 0.7305 • 10 5 max te[tut2] (^J \oj{x)\ 2+ l £ d 3 x{t)^j J* dt (^j |Vw(x)| 2 d 3 x + + 



2 +3 



^j- \uj{x)\ 2+ ¥d*x(t l )+ J \LU(X)\ 2 +I e d 3 x(t 2 ^j + 

+2.1maxt 6[tl)ta] j \Cd{x)\ 2+ l £ d 3 xm{t 2 - t{) 



< ime ^Nh {t2 . tl) f 1+ 3.99 -lO 26 ^ + S^ltf^i 

+1.7 • 10 5 - + 0.371 • 10 5 (i 2 - t0 + 1.066iV5(t 2 - tl ) + \Lu\^ ){2+ ^\h)\ 



Therefore 



J* dt J (V\Lu(x)\ 1+ ^) 2 d 3 x + J' 2 dt J \td(x)\i £ (VO(x)) 2 d 3 x < (13) 
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(1+ _ 

+1.7 • 10 5 — + 0.371 • 10 5 (t 2 - h) + 1.0667V5 (t 2 - h) + M£T )(2+ * e)> ) 
v 2+ z £ J 

Part 3: Differentiate with respect to x the Navier-Stokes equation for 

to. 

d t d x co(x) - vd x AQ(x) = d x {{uj{x) ■ V)u(x)) - d x ((u(x) ■ V)lu(x)) . (14) 
Take inner product with d x O 

^d t (d x u)(x)) 2 - ud x u)(x) ■ d x Aw(x) = d x u(x) ■ d x ((O(x) ■ V)u(x)) - d x u>(x) ■ d x ((u(x) ■ V)lD(x)) 



Integrate over space and by parts. 

-dt [ {d x ui{x)) 2 d 3 x + v [ (d xx O(x)) 2 d 3 x + v I (d xy u)(x)) 2 d 3 x + v I (d xz ui(x)) 2 d 3 x 



d xx u(x) ■ (uj(x) ■ V)u(x)d 3 x + J d xx uj ■ (u(x) ■ V)td(x)d 3 x. (15) 

Add the equations obtained similarly but with differentiation with respect 
to y or z instead of x. 

~d t J (d y uj(x)) 2 d 3 x + v J (dyyil!(x)) 2 d 3 x + v J (d xy uj(x)) 2 d 3 x + v J (d yz ui(x)) 2 d 3 x = 

= — J d yy u)(x) ■ (O(x) ■ V)u(x)d 3 x + J d yy u)(x) ■ (u(x) ■ V)u){x)d 3 x. (16) 

and 

l -d t J (d z u{x)fd 3 x + uj (d zz O(x)) 2 d 3 x + u J {d xz Ld{x)fd 3 x + u J {d yz uj{x)fd 3 x = 

= - J d zz u){x) ■ (Q(x) ■ V)u(x)d 3 x + J d zz uj{x) ■ (u(x) ■ V)Cu(x)d 3 x. (17) 

to get 

^d t J \Vuo\ 2 {x)d 3 x + v J \VVu\ 2 {x)d 3 x = (18) 
Au>(x) ■ (Q(x) ■ V)u(x)d 3 x + / Au>(x) ■ (u(x) ■ V)u>(x)d 3 x. 



Plugging the expression for u in terms of to 

1 f u{y) X (x - y) 3 1 [Q(x + y)xy 3 
U{X) = ^J \x-y\ 3 d V = T,\ W d V 

on the right hand side, we obtain 



1 d t f \VO{x)\ 2 d 3 x + u f \VVu>{x)\ 2 d 3 x = ~ J J Au>(x) ■ (u>(x) • V) ^ + ® * ^ d 3 xd 3 y 



47r J J \y\ z 



We can rewrite the right hand side of (|19p as 



±[[ Au{x) ■ • V)^±p±d 3 xd 3 y - (20) 

An J J\ y \<i \y\ 2 



1 

4tt 



y\>i \y\ 2 



+ 



4tt 



Au,(x) ■ m2 + y ) ^ ) -^ ) dVy + 

i<i \y\ 



1 



1 2/ 1 



The absolute value of the integrals over |y| < 1 can be estimated from above 
by 

3 



2vr 



|A^(x)||^(x)| |V ^f + ^ )l d 3 xd 3 l/ + f 
|j/|<i \y\ z 2vr 



<i 



|AcD(x)||u>(x + y)| 



J- / / |AcD(x 
27r7 Juki 1 v 



| a; (a; 



+ 



2vr 



|y|<i 



\y\ 2 

\Au(x)\\u(x + j 



M 2 



l -d 3 xd 3 y 



+ 



A||AcD(x)||Vu;(x)| / 



|u;(x + y)| 



M<1 1 2/1 2 



d 3 y 



< 



+ 



<i 3 y /".i/ 



4vr y )w |<i |y| 2 
_3_ 
4tt 
3 i/ 



(^|Au)(x - y)\ 2 + -|u>(x - y)\ 2 \Vuj{x)\ 2 )d 3 x + 



Iw|<i M 
d 3 y x 3 5 

m<i \y\ 



I<1 \z 



/(^|AcD(x)| 2 + ^|VcD( 
f ^ / |AcD(x)| 2 (l + f f|) + A * / |VcD(x)| 2 d 3 x / 



^±^ 3 z)ci 3 x 



l^(^ + y)l 2 d 3 



M 5 



<f^/|A^(x)| 2 d 3 x(l + / & + 
4vr5 y Juki y 2 



w| 6+2e (x)d 3 x)3T7(47r + l)(47r)^(^^)£f 



< 



3(1 +4tt) i/ 

47T 



■hi J WW?** J 

|Au(x)| 2 d 3 x + ^(47r + l) y \Vuj(x)\ 2 d 3 x(J |V|c 



w| 1+ t(x)|"(i 3 x) 



3+e 



The absolute value of the integral over \y\ > 1 is bounded by 
1 



4vr7 7|j,|>i 



Alo(x) ■ (oo(x) • V)- 



+ 



1 

47T 



|y|>i 



\y\ 2 

Alj(x) 



d 3 xd 3 y + (21) 
((Q(x + y) x V)u>(x) 



d 3 xd 3 y 
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3 f f IA .-.,^ Il .-. /= „,^.-., = , ,3 d 3 y 



2vr J J\ y \>i \y\ 2 



2?r J J\y\>i \y\ 2 



<^-- I |Acu(x)| 2 d 3 x + — / \uj\ 2 {x)d 3 x{\ \Vuj\ 2 (x + y)d 3 y) + 



47T 5 J V 

3 v f , A , „ ,o ,o 15 



J™/ |Aw(x)| 2 d 3 x + ^ | \Vu>(x)\ 2 (J |LD(x + y)| 2 d 3 y)d 3 x. 



Therefore we obtain from (1191) that 



/ |Vc^(x)| 2 ri 3 x + (87F on / |Ww(i)frf 3 i < (22) 



2 J 1 v yi 20vr 
- 3Q(4 Jy +1) / \^(x)\ 2 d 3 x(J(V\0(x)\ 1+ ^) 2 d 3 x)^ + ^ | |V^(x)| 2 d 3 * | \0(x)\ 2 d 3 x. 
We derive that 

o>*ln j \Vio(x)\ 2 d 3 x < ^( /" |V|w(x)| 1+ f | 2 d 3 x + 1) + ^ J \u{x)\ 2 d 3 x. (23) 
Therefore 

In j \Viu(x)\ 2 d 3 x(t 2 ) - In / |Vw(x)| 2 d 3 x(ti) < 

- 8 ' 16 y 1Q4 (jT rff / |V|^)| 1+§ | 2 ^(*) + (*2-ti))+^C(ta,i 2 ) 
8.16-10 4 , . 60^. . 2.432-10 7 422JV 2ft, tl ) 

< (t 2 - tl) + — C(tl,t 2 + 5 e 4.22A^(t 2 - tl ) x 24 

( 1 + 3-9 ^JfV 01 C7(ti,t 2 ) + 3 - 562 " 1Q5 JVlc(t 1; t 2 ) + 1.7 • 10 5 - + 0.371 • 10 5 (t 2 - ti) 



5 

+1.066JV3 (ta - ti) + 



(2+| e )(l-a) 



This implies 

.16 • 10 4 , x 60 



\VO(x)\ 2 d 3 x(t 2 ) < J \Vu(x)\ 2 d 3 x(t 1 )exp l^ 8 - 16 ^ 10 ( t2 _ tl ) + ^c(h,t 2 )+ (25) 



2.432 • 10 7 Aoo N h (fo u \ ( 3.99 • 10 26 Ar2m ^, N 3.562 • 10 5 i„, 

+1.7 • 10 5 ^ + 0.371 • 10 5 (t 2 - ti) + 1.066A% 2 - ti) + M^^^Cti))^ 

10 



We obtain 



t2 dt f \VVcj{x)\ 2 d 3 x < f p 16 [ t2 dt(l \Vu(x)\ 2 d 3 x)( I (V|cj(x)| 1+ f) 2 d 3 x) 



+ (8^ / IV°WIV*.> + (^L_ /|V^)|'A( fl ) + 

+ 7Z TvT / dt / |Vw(x)| 2 d 3 x / \id{x)\ 2 d 3 x 



I 3 + £ 



^vr - 9)i/ J tl 

1.945 /",- , , l2l! , , , /l.632-10 5 (t 2 -ti) , n „C(t 1 ,t 2 ) 
< / \Vio(x)\ 2 d 3 x(ti) exp K — tl + 120 v 17 l> + 



4.864- 10 7 A oo N h(u h ^ A 3.99-10 26 , ^ . 3.562 • 10 5 i„ , 

+ — ^ — e 4 - 22 ^ 3 ^-* 1 ) • li+ ^ 402 jv 2+£ c(ti,t 2 ) + — - — mc(t 1 ,t 2 )+ 

5^ 



) 5 - + 0.371 • 10 5 (i 2 - h) + 1.066JV3(t2 - ti) + |w|W £)(1 a) ( 



Part 4: Now we are going to estimate / \Vu}\ 3+6 (x)d 3 x. 
Taking the gradient of the Navier-Stokes equation for ui and then taking 
the scalar product with Vw we obtain 

\d t {Vuj) 2 - u^diLoix) ■ di{AQ(x)) =Y^diu(x) ■ d t ((w(x) • V)u(x)) - (26) 

i i 

- E diid(x) ■ di ((u(x) • V)Cu(x)) . 

i 

Multiplying (|26p by |V(D| 1+e and integrating we obtain 

-^—d t f \VCu(x)\ 3+£ d 3 x -u f \Vu\ 1+e (x) J2 d M%) ■ di(Aid(x))d 3 x (27) 

= J | Va(a)| 1+e E • % (W) • V) / ^ + * } X * ) dV 3 x- 

-| |V^(x)| 1+£ g fta® • ft ((/ |J } X § d 3 y • V)fi>(x)) d 3 x. 

The viscosity term in (|27|) can be rewritten as 

-i/ J d 3 x\Vid(x)\ 1+£ J2diO(x) ■ diiY^djdjuix)) = (28) 

» i 

= 1// d 3 x|v^(x)i 1+£ EE(^(^)) 2 + ^ / d Sv^|i-* EE wo ■ W(^)) a - 
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Therefore the viscosity term in the equation (|27p is positive definite. 
The absolute value of the right hand side of (|27p can be rewritten as 

£ / / d^ylVu^d^m^M a iM 2 +J> x ® k + (29) 



+ Yl[ J d 3 xd 3 y\Vu{x)\ 1+£ d i u k {x)u; j {x)- 



didAuj{x + y) x y) k 



" E // d*xd\\Vm\ 1+e di«k{x) ^^ 2 X fl^w*® 

< 12V3// d 3 xd 3 y |V^(x)|^^|±^ + 

+6^3 f d 3 x [ ^0{x)\^\Q{x)\ ^fl +g)l + 
J J\ y \<i \y\ 2 

+6V3 f d 3 x f A|VcD(x)| 2+£ |cD(x)| |VV ff 2 + ^ )l + 

J J\v\>i \y\ 

+6V3 f f d 3 xdh\vo\ 2+£ (xmx + y)\ i v yy )i + 

+6^3/ / d 3 xd 3 y\VO(x)\ 2+£ \0(x + y)\ {VV ^ )] . 

J J\y\>i ' \yr 



< 



The first integral on the right hand side of ([290 can be estimated as 

^|V^)|^^±M+ / / rf» gt fy|Va?(x)r l ^p, a +g)l (30) 

yi<i M •/ -%i>i \y\ 

< J d 3 x\VLu(x)\ 3+£ (J \Vu(x + y)\ 6 d 3 y)l(^)l + / d 3 x\VCd(x)\ 3+£ J d 3 y^^±^ 



^ I d 3 x\VO(x)\ 3+ ^Jd 3 y\V\VO(x + y)\\ 2 ^ + J d 3 x\VO(x)\ 3+£ J d^l^+M 



< ^1 J d 3 x\Vuj{x)\ 3+£ {J d 3 y\VVuj{y)\ 2 )^ + v 7 !^ / d 3 x\VO(x)\ 3+£ {J d 3 y\Vu{x + y)\ 2 )^ < 



V3 

< ^ y d 3 :r|V(I>| 3+£ ( y d 3 y|Wcj| 2 + 1) + v^y <i 3 x|V(I>(x)| 3+e ( y d 3 y|VcD(y)| 2 + 1). 
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The second integral on the right hand side of (|29p can be evaluated as 

»<i \y\ 



d 3 x I A|V^)| 2+ ^(x)| |W ^ ( f 2 + ^ )l (31) 



d 3 x I d 3 y\Vu(x - y)\ 2+£ \u{x - y)l ^T^' < W / |VV<I>(x)| 2 d 3 x x 

ivi<i lyr \M 

|Vu>(x - y)| 2+£ |u)(x - y)\ f „ | Vw(x - z)| 2+£ |u>(x - z) 



xW / <i 3 x / <i 3 j/J — — / d 3 



»l<i |y| 2 J\z\<i \z 



'z- 



2 



< J / |VViD(x)| 2 d 3 x x 



«i<i ' |y| 2 •'i*^ 1 N 3 

d 3 ; 



d 3 y 



r2. 



3(1-%) 3(l-§) \ 3-f £ 

3e i _ / _, , _ — \i ?M — 3 C 



, d 3 x'|Va)| 2 + £ |a>(x')| / — / d 3 z|Vcj(x' + y-z)| L -¥ |u>(x' + y - z)\ 2(1 ~i e) 

\ J -%l<i \y\ 6 5 



^ (3^*^(7") y / l vv ^(^)l 2d3:c y / d 3 x|w(x)| 2 + e |<i>(x) 

/ (f 3 z|V(I>| ^ |w(z)| 2(1 -S £) 

i r 1 1+ § /• i i+g /• 1 1 ~t 

< 629.2(/ |Ww(i)|¥i)5( |Va)(x)| 3+e d 3 x) 3T +S(/ |Vu>(x)| 2 d 3 x) 5T +?( / |a;| 2 (x)d 3 x) IT +S 



(/ |WcI.(S)| 2 d 3 x) 4l -i e+ ^r 1 1 (/ |Vcu(x)| 3+£ d 3 x) 6l -i £+ ¥ 1 * ( / |Vw| 2 (x)d 3 x)3 
< 1.1 • 10 3 ( / \VVO(x)\ 2 d 3 x + 1)( / \VO(x)\ 3+£ d 3 x + 1)( / \Vuj(x)\ 2 d 3 x + 1)(N + 1). 



The third integral on the right hand side of the equation (|27|) can be evalu- 
ated as 



\v\>i \y\ 



\VO(x)\ 2+£ \u,(x) r ^^ yn d 3 xd 3 y (32) 
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< / d 3 x\VCd(x)\ 3+£ \id(x)\J I d 3 y\VVid{x + y)\ 2 d s y 



d 3 y 
y \>i \y\ 4 



< VW / d 3 y\VVuj{y)\ 2 / d 3 x\ Vu>{x)\ 2+e \Cu{x)\ 



< VW I d 3 x\VVCd{x)\ 2 ( / d 3 x\Vid{x)\ 3+£ )^{l d 3 x\td(x)\ 3+£ )^ 



< VfaJ / d 3 x|VVw(x)| 2 ( / d 3 x|Vw(x)| 3+£ )^( / d 3 x|w(x)| 6 )^> ( / cFx\u\ 2 (x))*&fo 



< V^tta / d 3 x|VVw(x)| 2 (/ d 3 x\Viu{x)\ 3+£ )^( d 3 x|Vw(x)| 2 ) 4(1+ S> ( / d 3 x|w(x)| 2 )TO) 



< v^^/ y d 3 x|VV(I>(x)| 2 ( J d 3 x\Vid{x)\ 3+£ ) — { J d 3 x\Vid(x)\ 2 ) J(TT ¥ ( J <i 3 x|<I>(x)| 2 )TO) 

< >/47r( / d 3 x|Ww| 2 (x) + 1)( /" d 3 x|Vcj(x)| 3+£ + 1)( /" d 3 x|Vw(x)| 2 + 1)( J d 3 x\uj(x)\ 2 + 1). 
The fourth integral in (|27|) can be estimated as 



^xA|Vu;(x)| 2+e |a;(x + y) r ,^ |2 V n (33) 

w(x + y)| 



/d 3 x|VVw(x)||Vw(x)| 2+e ( / d 3 y 
J J\v\<l 



»[<1 1 2/1 



2 



< / ^xlVVw^llVw^l^c/^ylwCx + y)! 6 )^/ -5j-)S 

J J ./[j,|<1 |y|- 

- ^ / ^|VV^(x)| 2 |VcD(x)| 1+£ + y d 3 x|Vc^(x)| 3 + £ ( y d 3 y|V^(y)| 2 ) 

- ^ / d ^|VV^(x)| 2 |Vc^(x)| 1+£ + y d 3 x|Vcu(x)| 3+£ y d 3 y|Vcu(y)| 2 . 
The fifth integral in (|27p can be estimated as 



d 3 x / d 3 y\Vu(x)\ 2 + £ \0(x + y)\ lVV °^ )l < (34) 
•%|>l 1 2/1 

< y d 3 xivcu(x)i 2+e iww(x)i y d 3 y Mi±M < 

I ^x\VVO(x)\ 2 \VO(x)\ 1+£ + J d 3 x\Vuj(x)\ 3+£ (J d 3 y\uj{x + y)\ 2 ) 

< — I d 3 x\VV<D(x)\ 2 \V<D(x)\ 1+£ + — / d 3 x|V(I>(x)| 3+£ (/ d 3 y\uj{y)\ 2 ). 



25 
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Putting all the estimates together we obtain 

' d t ( \Vu>(x)\ 3+£ d 3 x < (35) 



3 + e 



< 240^ J \Vcu(x)\ 3+£ d 3 x(J |WtD(x)fA + l) 

+12 v / 12^ J d 3 x\Vid(x)\ 3+£ { J d 3 y\Vuj{x + y)\ 2 + 1) + 
+6.6-W 3 V3{J \\7\7cd(x)\ 2 d 3 x + 1) J \X7Lj(x)\ 3+e d 3 x{J \Vuj{x)\ 2 d 3 x + 1){N + 1) + 

+6Vl^{J |Ww(i)|Vi + l) /" \VCu{x)\ 3+£ d 3 x(J \VCu{x)\ 2 d 3 x + 1)(N + 1) + 



+ l«9v^[ / |Vu>(x)| 3+£ d 3 *( / \m\ 2 d 3 y) 



+(6.6 • 10 3 ^3 + 6-\/lfcr)( J d 3 x\VVu;(x)\ 2 + 1)( J d 3 x\Vuj(x)\ 2 + l)(iV + 1). 

Estimating the right hand side of (|35p from above and integrating over t we 
obtain 



\Vu(x)\ 3+£ d 3 x(t 2 ) < (36) 
< (J \Vid(x)\ 3+£ d 3 x( y t 1 )+ 

+3.55 • 10 4 (iV + l)(max te[tlM (J \Vij{x)\ 2 d 3 x(t) + 1)(J^ dt J \ VVO(x)\ 2 d 3 x{t) + t 2 - h) 



/2.48-ltf* 
•exp I C(ti,t 2 ) + 



+(2.28 • 10 3 + 3.55 • 10 4 (iV + l)(max te [ tl>ta ] J \Vu){x)\ 2 d 3 x + 1)) J* dt J \WO{x)\ 2 d 3 x + 
+(3.58 • 10 4 + 3.55 • 10 4 iV + - — )max te[tl)t2] / \Vu{x)\ 2 d 3 x{t 2 - h)+ 



+(3.58 • 10 4 + 3.55 • 10 4 iV)(*2 - h) 
< ( / \Vu>(x)\ 3+£ d 3 x(t 1 ) + l) 



( 2 48 10 3 

exp ' C(t u t 2 ) + 3.58 • 10 4 (iV + l)(t 2 - h) + 
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+3.78 • 10 4 (1 + J \VO(x)\ 2 d 3 x(t 1 )f(N + l + ±-)(t 2 -t 1 + 1 '"'' 
xexp ( 2.45 • W «iZ«i> + l C(tl , t2 ) + 



X 

zv z/ * ' zy 

( 1 + 3-9 ^jfV 01 C7(ti,t 2 ) + 3 - 562 " 1 ° 5 jV^(t 1 ,t 2 ) + 1.7 • 10 5 - + 0.371 • 10 5 (t 2 - tO 

+1.066A^(t 2 - ti) + |w|^7/ )(1_0) (*i; S 

Part 5: Taking the scalar product of \co(x)\ n ~ 2 Lu(x) with the Navier- 
Stokes equation for uj and integrating over the whole space we obtain 

" ^ N ' n ^z3„, ,, f I, /-\m- 2 



$ / |w(x)r^x - z^y |cj(x)r-^(x) • Aw(i)d^ = (37) 

3 f, f f sn , n -2/-w-\ /— \ —f— 1 — \ ~,d 3 xd 3 y 



+ / )(|cj|™ 2 (x)w(x) • x w(x + y)-y)- 



47r7 ./l^Mj 1 y| v |>[w|a 1 ^ |J/I 

We rewrite the absolute value of the integral over \y\ < |w| 2 1 on the right 
hand side of (1371) as 



3 • 



1 



d 3 x / d 3 y(M n 2 (x)u;(x) • y)(w(x) x (u(x + y) - u(x)) ■ y)-^ 

<^td 3 x{ d 3 y f 1 dsWxW ^p^ 

J JM^Wz 1 Jo \y\ z 

< 3^6 ^ 2 £ + ^ ) ^ y d 3 x^(x)| n jf * ^ |<| | : d 3 y\Vcd(x + sy)\ 3+e ^j ^ 

< 3^6 ( 47r(2 + £) ) 3+£ / d 3 x|u,(x)P / -^-( / d 3 z|VcD(x + z)| 3+e )^ 

\ e J J Jo S 3+7 Jiz^sioji" 1 

< 3^^ ( £ +£) ) / d 3 x\u(x)\ n ( / \VCu(x)\ 3+£ d 3 x)^ 



(38) 



1 

3+e 



< 4.2 • 10^ |w(x)| n d 3 x (^J \Vu;(x)\ 3+£ d 3 x" 
The absolute value of the integral over \y\ > | cD | 1 can be estimated as 
3V2 I d z x\id{x)\ n I \^ x + y)\ < 3 ^ N * f d 3 a ,|-/^,n_ (39) 
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Therefore we obtain from (1371) that 



l -d t J \uo\ n {x)d 3 x < 1.1 • 10 5 (iV 2 + 1)J \u\ n {x)d 3 x max te[tlM (J \Vuj(x)\ 3+£ d 3 x{t) + 1 



n 

We obtain that 



In / \uj\ n {x)d 6 x{t 2 ) <lnj \u\ n {x)d 6 x{t x ) + (41) 
+1.1 • W 5 n{N 2 + l)(t 2 - h) max te[tl)t3 ] (^J \Vcd(x)\ 3+£ d 3 x(t) + l" 

Therefore 

\uo\ n {x)d 3 x{t 2 ) < J \u\ n (x)d 3 x(h) (42) 
exp (l.l • 10 5 n(iV 2 + l)(i 2 - tdmBx^foM (|Vw||+|(t) + l)) 

This implies 

|w|n(*2) < M„(ti) exp (l.l • 10 5 (iV 2 + l)(t 2 - ti)max te[tlM (|Vw||£(t) + 

Taking the limit n — ► oo we obtain 

|w|oo(t2) < kloo(ti) exp (l.l • 10 5 (iV 2 + l)(i 2 - fc) max t6[tl)to] (|Vu>||+*(i) + l)) (43) 
< |a;| 0O (ii)exp (l.l • 10 5 (iV 2 + l)(t 2 - *i)(| VcD]|;8i(ti) + 2)x 

xexp — — C(ti, t 2 ) + 3.58 • 10 4 (iV + l)(fe - ii)+ 

+3.78 • 10 4 (1 + |Vw| 2 (t!)) 2 (iV + 1 + i)(i 2 - ix + ^) 

xexp f 2.45 • 10*^M + — C(*i,i 2 ) + I*i^™*<*-*> x 

/ 3.99 • 10 26 Ar2 m^/ \ 3.562 • 10 5 i ^ . „ „ .iV 
x 1 + 402— N C(t u t 2 ) + N2C(tt,t 2 ) + 1.7 • 10 5 -+ 

+0.371 • 10 5 (t 2 - ti) + 1.066iV5(t 2 - ti) + |Vw|^ 153 (ti)) 5 ^^) . 

As a result we obtain that if |w| 2 (i) < N for t 6 [0, T — <5/v], then for 
<y€(0,T-fo) 

l^loo(t) < |w|oo(«5) exp (l.l • 10 5 (iV 2 + l)t maxtep,^] (|Vw| 3 +^) + l)) (44) 
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< MooOJJexp (l.l • 10 5 (iV 2 + l)t(|Vw|i:gJ(<5) + 2)x 

(2 48 1 Cfi 
" C(t) + 3.58 • 10 4 (iV + l)t+ 

+3.78 • 10 4 (1 + |Vw| 2 (5)) 2 (iV + 1 + i)(t + ^) 

^ 180^,, . 7.294- 10 7 4 
exp 2.45 • 10 5 - + C(t) + g 4.22JV2t 

V v v v 

/ 3.99- 10 26 Ar2 ni^, , 3.562 • 10 5 i„, , 1W «JV, 
x 1 + 77^ — iV 2 - 01 C t + NzC (t) + 1.7 • 10 5 — + 

+0.371 • W 5 t + 1.066JV3t + |VcD|§:2f 153 (5) N 6 

Now we shall improve the estimate on |w|oo(i). 

Proof of Theorem 2. 

Part 1: Suppose first that there exists no such that for all n > no, |w| n (i) > 
e e for all t G [ii,^]- Let n > no- 

As in the derivation of (1371) we obtain 



l -d t I \u\ n d 3 x - v I V[\uj\ n -\x)0{x)}(VO(x))d 3 x (45) 



n 



1 ^\u\ n - 2 {x)u(x) -y][<D(x) x uj{x + y) ■ y] d '"' !> 



4vr7 J |y| 3 

Since we know from the Theorem 1 that ^^(t) < oo for all t E i , ^2] ? we 
can estimate the right hand side of (|45p as follows 

l n f, m , 3 9^6 f 1 , /■. .„._., 3 f \VO\(x + sy) , 3 

-<9 t / w d ^ < — — ds \u\ n (x)drx / J — —d 6 y 

n J Air Jo J "'M<min(|a,|i ) \i) \yr 



4vr 7 ' J^bl^mind^l- 1 ,!) 1 2/1 3 ' 4vr 7 ~ ' J\ y \>i 1 2/ 1 3 
Therefore 



n 



Sfc y |w| n (x)d 3 x < 9^ ( £ + g) ^ 3 +£ y )a; |„ ( _ )(i 3 x( y |Va>(x)| 3+e d 3 x)3T7 + 

+9\/2|a;| 00 (t)ln(max(|a;| 00 (t), 1)) J \u\ n (x)d 3 x + 3W ^ ^ M n (:r)d 3 x. 
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l -d t ( \co\ n (x)d 3 x < I \uj\ n (x)d 3 x ■ 



n 



■ (l2.78|w| 00 (t)ln(max(|a;| 00 (t), 1)) + 1.1 • 10 5 |Vcj| 3+e (i) + 2.07\/iv) . 

d \{ ^L-^lf X ^ n fl2.78|w| 00 (t)ln(max|t«;| 00 (t) ) 1)) + 1.1 • 10 5 | Va>| 3+e (t) + 2.07\/iv) . 

«9dn J \uj\ n (x)d 3 x < n (l2.78|tj| 00 (t)ln(max(|a;| 00 (t), 1)) + 1.1 • 10 5 | Vu>| 3+e (t) + 2.07 y/N 

d t lnj \uj\ n (x)d 3 x < n (l^TSlwIooCtJMmaxdwIoaCt), 1)) + 1.1 • 10 5 |Vw| 3+e (i) + 2.07^iV 
In / \uj\ n (x)d 3 x ~ In J \u\ n {x)d 3 x 

d t ln In J \uo\ n (x)d 3 x n (l2.78|a;| 00 (t)ln(max(|a;| 00 (t), 1)) + 1.1 • 10 5 |Vw| 3+£ (t) + 2.07^' 



In In J \uj\ n (x)d 3 x In / \uj\ n {x)d?x In In J \uj\ n {x)d?x 

, Ti(l2.78|w| o0 (t)ln(max(|w| 0O (t),l)) + 1.1 • 10 5 |Vw| 3+£ (t) + 2.07^' 

d t ln In In / \u\ n (x)d 3 x < — ^ ; j ■ 

J n\n((J \uj\ n (x)d 3 x)n)ln(nln(J \uj\ n (x)d 3 x)^ ) 

^^S^loo^ln^axd^loo^), 1)) + 1.1 • 10 5 |V^| 3+£ (t) + 2.07^ 
ln|u;| n (i)(mn + lnln|u| n (i)) 

Below we consider n satisfying the following condition 

Inn > max teM2] (l2.78|u;| 00 (t)ln(max(|a;| 00 (t), 1)) + 1.1 • 10 5 | Vu\ 3+£ (t) + 2.07^iv) , (46) 

in fact, we shall consider even larger n, because instead of |u;|oo(i) we shall 
use the estimate flMD 

Hoo(t) < |w|oo(ti)exp (l.l • 10 5 (iV 2 + l)(t 2 - i 1 )max te[tl)t2] (\V Lu\ 3 3 + £ £ (t) + 1 



d t ln In In J \uj\ n (x)d 3 x < 
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and instead of |Vo;||]|]| we shall use ([36 



|Vw(x)| d+£ ^x(t) < ( J \Vu>{x)[ i+£ d- i x(t 1 ) + 1) x 

xexp ■ C(h,t 2 ) + 3.58 • 10 4 (iV + l)(t 2 - t x )+ 

\ v 



+3.78 • 10 4 (1 + J \VCo(x)\ 2 d 3 x(t 1 )) 2 (N + 1 + ~)(i 2 - h + U> 



v 



- h) + H C(tl , 42 ) + 7.294 . 10^ 4 , 2 ^ (1 ,_, 1); 



X CXP , v , . j , v. , , , . . , ; .. 

v v v*- 



3.99 • 10 26 ..,„, . x 3.562 • 10 5 „i 



i + ""","4,02" iv 2 - 01 c(ti,t 2 ) + - mc(h,t 2 ) + 1.7 • 10 



+0.371 • 10 5 (t 2 - ti) + 1.0667V2(t 2 - a) + |u; | ^| 153 (ti ; 



Therefore consider n such that 



Inn > 2.07VJV + 12.78(|w|oo(ti) + l)(|]a(Moo(*l))| + X ) x 
xexp (2.2 • 10 5 (iV 2 + l)(t 2 ~h + l)(\Vu>(x)\l+l{ti) + 1) 

(2 48 10 3 
— — C(h,t 2 ) + 3.58 • 10 4 (iV + l)(t 2 - 

+3.78 • 10 4 (1 + |Vu;||(ti)) 2 (iV + 1 + -){t 2 -ti + ^— ) 

exp ( 2 .45 • 10»^i + H^^) + 7.294 .10^ 4 , 22Ar ^ 2 , fl) 

/ 3.99- 10 26 Ar201 ^ , v 3.562 • 10 5 R i . . 1W 

+ I 1 + ^4,02 N 2m c{t u t 2 ) + — - — mc(h,t 2 ) + 1.7 • 

+0.371 • 10 5 (t 2 - t x ) + 1.066W* (t 2 - t x ) + |Vw|^i 53 (t!) X & 
For n satisfying (|47p we have that 

<94n In In J \u\ n (x)d 3 x < 1. (48) 
After integrating we obtain 

In In In / \u\ n (x, t)d 3 x < t - t\ + In In In J \u\ n (x, h)d 3 x. (49) 
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Therefore we obtain 

J \uj\ n (x,t)d 3 x < e eet H J |w| n (x,ti)d 3 x on t £ [h,t 2 }. (50) 

Therefore we obtain that for all n satisfying (|47|) 

Mn(t) < e» |w| n (ti)<e" |w|oo(ti) for * € [*i,t 2 ]. (51) 

Taking n — > oo we obtain that 

Moo(f) < Moa(*l) for t £ [h,t 2 ]. (52) 

Part 2: Suppose now that there exists no > such that for all n > no, 
|o>| n (t) is a continuous function of t for all t € [ii,i 2 ]- Fix n > uq such that 
the condition (|17|) is satisfied. 

Suppose |u;| n (ti) > e e . By continuity of |w| n (t) we obtain that there 
exists a set consisting of a union of open intervals Ujlj such that on each 
interval Ij, \u\ n (t) < e e for all t E Ij. Let (Ujlj) c = Ukl' k , where each interval 
I'k = [^i k ^2 k ] i s sucn that |w| n (t) > e e for all t G I' k and |a;| n (t' lfe ) = e e for 
k > 1 and |w| n (ij ) = |cj| n (ti) for fc = 1. 

Then by formula (I5ip we obtain on each interval I' k 

t' 2 -t[ 

\v\n(t) < en e£ k k e e for k> 1. (53) 
For the first interval = [iijt^J we obtain that 

M*(t) < e« eE 1 |w| n (ti). (54) 

Therefore 

|w|„(t) < e« £e 2 1 |w| n (ti) for all t e [ti,t 2 ]- (55) 

Suppose |o;| n (ti) < e e . By continuity of |w| n (i) we obtain that there 
exists a set consisting of a union of open intervals Ujlj such that on each 
interval Ij, \u>\ n (t) < e e for all t E Ij. Let (Ujlj) c = U^il where each interval 
= [ti k ,t' 2k ] is such that |w| n (i) > e e for all t G [^i fc , *2 fc ] an ^ Mn(*i fc ) = e<3 - 

Then by formula (|5ip we obtain that on each interval 2j(, 

Mn(i) < e^ ee 2 "' k ' M„(ii h ) for all t G [t'i fe ,t 2 J. (56) 
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Therefore if < e e we obtain 



v\ n (t) < e 




e e for all t G [h,t 2 ]. 



(57) 



Therefore for every n satisfying the condition (|47p we obtain that 



oj\ n (t) < e 



n 



max(|a;| n (ti), e e ) < e 




maxdwloo^i)^ 6 ), for t G [ti,t 2 ]- (58) 



Taking the limit n-toowe obtain that 



Hoo(0 < m ax(|o;| 00 (ti), e e ) for all f G [ii, ^2]- 



(59) 



Proof of Theorem 3. 



Theorem 3: Suppose |w|oo(0) < 00. Then for any T > there ex- 
ists a unique solution of the 3D Navier Stokes Equation on [0, T] such that 
Moo(£) < max (| a; |oo (5), e e ) < 00 fort G [0, T] with 5 = 2 c\J[ 2 (0) ' ( wnere C 
is a constant independent of w, v, etc.) 

Proof: First we shall construct an argument to show that if certain 
assumptions on u hold then the solution is bounded. This argument will be 
used below. 

Suppose we have that |u;|oo(0) < 00. Then by the Local Existence and 
Uniqueness Theorem (see Theorem 4.2 in [Ku], where we take p = 2 and 
M2 P = |w|oo(0)) there exists to = 2 c | Jp (0) sucn that for t G [0,io]> we have 
that there exists a unique solution such that |w|2(t) < 00 and also by the 
analyticity results in the same theorem we know that for all 5 G (0, to], 
Moo(<5) < °o> M3+e(<5) < °°! |Vcj|2(<5) < 00, I Vcj|3 +£ (<5) < oo. Let 5 = to. 
Assume that |w|2(i) — ► 00 as t — ► T and |u;|2(i) < 00 for t G [0, T). Also 
assume that for all n large enough (re satisfying (|4"7|) with t\ = 5), \u\ n (t) 
is continuous as a function of t for all t G [0, T). Then for any iV > iVg 
(for sufficiently large No) there exists 5n > such that 1 2 (t) < -W, for 
all t G [0,T — <5jv]- Then by Theorem 1 and Theorem 2 we obtain that 
M2W < |w|oo(*) < niax(|u;| 00 ((5), e e ) for t G [<5, T — 5n]- By taking iV — > 00 
we obtain that |a^| 2 (i) < Moo(t) < max(|a;| 00 ((5), e e ) for t G [5,?"). By 
Local Existence and Uniqueness Theorem (see Theorem 4.2 in [Ku]), we 
obtain that there exists to > such that there exists a unique solution on 
t G [T— ^2,T+-&] that is continuous and analytic and such that |a;|oo(i) < 00 
for t G [T — y,T + y] and then by Theorem 1 and Theorem 2 we obtain 
that 



^b(*) < Moo(*) < max(|u;| 00 ((5), e e ) for i G [5,T + — ]. 



(60) 
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Thus we showed that if certain assumptions on oj hold then for any T > 
the solution ui{x,t) is finite for all x G R 3 and t £ [0,T]. 

To show existence and uniqueness of a solution on [0, T], we shall repeat- 
edly use the Local Existence Uniqueness Theorem (Theorem 4.2 in [Ku]). 

Since ^^(O) < oo there exits to > given by to = 2C|Jp (o) sucn * na ^ 
there exists a unique solution of 3D Navier Stokes Equations that is contin- 
uous and analytic on [0, to]- Let 5 = to, then |cj|oo(£) < oo, | Va>|3 +e (5) < oo. 

Now let t' = 2Cmax(H^ffl,e :ie ) and consider 1 £ [^ S + t o\- Using Cu(x, 5) as 
the initial condition, we obtain that by the Local Existence and Uniqueness 
results there exists a unique solution which is continuous and analytic for 
t £ [5, 5 + t'o\. By Theorem 1, Theorem 2 and arguments above we obtain 
that |o;|2 (t) < Moofi) < max(|a;| 0O ((5), e e ) for all t £[5,5 + t' ]. 

Repeating this argument k times, we obtain that for t £ [5+ (k— l)t' ,5+ 
kt'o\ there exists a unique solution of the 3D Navier Stokes Equation such 
that |w|2(t) < max(|u>| 00 (<5+ (/c — l)t ), e e ) < max(\u>\ 00 (5), e e ) and |o;|oo(£) < 
max(|w| 00 (5 + (k - l)t' Q ), e e ) < max(|w| 00 ((5), e e ). 

For any T > 0, we can continue this argument up to k such that k > jr, to 
obtain that there exists a unique solution of the 3D Navier Stokes Equation 
on [0, T] such that, 

M2(t) < max(|cj|oo(£), e e ) and |o;|oo(t) < max(|a;| o((5), e e ) forte [5, T].(61) 

Proof of Theorem 4. 

Theorem 4: Suppose that |a;|4(0) < oo. Then for any T > there 
exists a unique solution of the 3D Navier Stokes Equation on [0, T] . 

Proof: First we construct the argument that shows that if certain as- 
sumptions on oj hold, then the solution remains bounded. This argument is 
used later in the proof. 

Suppose we have that |u>|4(0) < oo. Then by the Local Existence and 
Uniqueness Theorem (Theorem 4.2 in [Ku]) there exists t' Q = 2 c\w\' 2 (o) sucn 
that for t £ [0, t' ], there exists a unique solution which is continuous on 
(0, tg]. Therefore |w|2(£) < oo for t £ [0,tf ]. In addition, by analyticity 
results in Theorem 4.2 of [Ku] we obtain that for any 5 £ (0, t' ], \oj\oo(5) < 
oo, and also we have that |c<j| 3.01 (5) < 00 and |Va)|3.oi((5) < 00. Suppose 
that 5 = t' . 

Suppose that for some T > 0, |c<j 1 2 (*) — *-t->T 00 > but M2W < 00 for 
t £ [0, T). (By the argument above we know that T > t' ). Suppose also 
that there exists no (satisfying (|47|) with t\ = 5) such that for all n > no, 
|u;| n (t) is a continuous function of t for all t £ [0, T). For any N > iVo 
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(for a sufficiently large No), there exists 5n > such that |cu| 2 (*) < N, 
for all t G [5, T — Sjsf]. Then by Theorem 1, Theorem 2 and taking the 
limit N — > 00, we obtain that | 1 2 < Moo(i) £ max(|cj| 00 (5), e e ) for all 
t G [5, T). By the Local Existence and Uniqueness Theorem (Theorem 4.2 
in [Ku] ) there exists t' ' > such that there exists a unique solution which is 

continuous and analytic on [T — T + -£-]. Thus for any T > we obtain 
that |w|2(i) < Mcx>(£) — max (Moo(<5), e e ) for t G [<5, T]. 

To show existence and uniqueness on [0, T], we shall repeatedly use the 
Local Existence Uniqueness Theorem. Consider u)(x,5) as the initial con- 
dition. Then there exists t'J, = y vi - le s such that there exists a 

unique solution which is continuous and analytic on [5, tg] . By Theorem 
1, Theorem 2 and the arguments above we have that |cu|2 (^) < MooW < 
max(|a;| 00 ((5), e e ) for t G [6, i ']. Let t G [t'0, 2t ']. Then by the Local Existence 
and Uniqueness Theorem (see Theorem 4.2 in [Ku]) there exists a unique 
solution which is continuous and analytic on [<o, 2ig]. By Theorem 1, The- 
orem 2 and the arguments above this solution satisfies M2W < Moo(^) < 
maxdcjIoo^Q), e e ) < max(\cu\ 00 (5),e e ). Repeating the argument k times we 
obtain that there exists a unique solution which is continuous and analytic 
on [(k - l)t'o, kQ, such that \u\ 2 (t) < |w|oo(t) < max(|w| 00 ((/c - l)t '), e e ) < 
max(|a;| 00 ((5), e e ) for t G [(k - l)i' ', kQ. Thus for any T > 0, letting k > £r 
we obtain that there exists a unique solution of 3D Navier Stokes Equations 
on [0,T] such that \u\ 2 (t) < Moo(<) < max(|w| 00 ((5), e e ) for t G [0,T]. 
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